This paper deals with the finite horizon optimal control problem for discrete-time Markov jump linear system with input delay. The correlation among the jumping parameters and the input delay are considered simultaneously, which forms the basic difficulty of the design. one of the key techniques is to solve a delayed forward and backward jumping parameter difference equation which is obtained by an improved maximum principle, and the other is the introduction of a "d-step backward formula". Based on the proposed techniques, a necessary and sufficient condition for the existence of the optimal controller is given in an explicit form and an analytical solution to the optimal controller is supplied. The optimal controller is a linear function of the current time state and the historical time control input, where the feedback gains are a set of jumping parameter matrices derived by solving a new type of coupled difference Riccati equation. The key step in the derivation is to establish the relationship between the costate and the real state of the system. The result obtained in this paper can be viewed as a generalization of the standard case, in which there is only one mode of operation.
Introduction
Optimal control and stabilization of Markov jump linear systems (MJLSs) have matured over the last decades [1] - [8] . Such systems are encountered in many areas of control engineering including aircraft and nuclear power control, flight control, and etc [4] . In the previous research works, Costa has made great contributions to the study of this problem and many celebrated results have been proposed in [5] - [8] . The fundamental tool for dealing with optimal control in presence of jumping parameters is the dynamic programming method. However, when time This work is supported by the National Natural Science Foundation of China (Nos. 61473134, 61573220, 61120106011, 61573221) and the Postdoctoral Science Foundation of China (No. 2017M622231).
* Corresponding author: Huanshui Zhang. Email: hszhang@sdu.edu.cn delays in the control input are present, this method can't be applied directly since the historical input terms are existed in the step-by-step design.
Optimal control of dynamic systems with input delays has received growing attention in recent years due to novel application areas such as control over networks [9] - [11] . For the deterministic system with input delay, the reader may refer to the excellent surveys in [12] - [17] . In [12] , the control problem for a single deterministic input-delayed system was considered, and an optimal controller was developed by the Smith predictor. In [13] , a reduction technique was developed to convert the stabilization problem subject to input delays to an equivalent delay-free one. To overcome the limitation of the original Smith predictor and the model reduction technique, some renewed prediction approaches, such as truncated predictor feedback [14] and closedloop predictor approaches [15] , [16] , have been developed. In [17] , an alternative and efficient approach-the duality method, has been developed for the studying on linear quadratic regulation of systems with multiple input delays. Obviously, the aforementioned works have supplied good results for the advances of optimal control theories on deterministic delayed systems. However, the results can't be applied to the delayed MJLS directly since the separation principle is satisfied for deterministic case but not suitable for stochastic case.
Not requiring the satisfaction of separation principle, in [18] - [20] , a direct approach based on a new stochastic maximum principle was proposed for dealing with the optimal control of system with multiplicative noise and input delay simultaneously. A necessary and sufficient condition for the existence of the optimal controller was supplied, and an explicit solution was given. These results paved new ways for the investigation of optimal control for stochastic systems with input delays. Motivated by this, we consider the optimal control problems for MJLS with input delay in this paper. Compared to the multiplicative noise system, the MJLS is more complicated due to the correlation of jumping parameters. And thus some improved and additional techniques need to be developed further. To the best of our knowledge, the study of optimal control for MJLS with input delay hasn't been reported before.
In this paper, motivated by [18] - [20] , we investigate the optimal control for MJLS with input delay. The simultaneous appearance of jumping parameters and input delay forms the fundamental difficulty in investigation. Two basic formulas are developed: one is an improved delayed forward and backward jumping parameter equation (D-FBJPE) which is used to deal with the input delay, and the other is a d-step backward formula which is used to overcome the correlation of the jumping parameters. Based on the the two proposed techniques, a necessary and sufficient condition for the existence of the optimal controller is developed, and an explicit solution is given for the first time in terms of a new type of coupled difference Riccati equation. The key step in the derivation is to establish the relationship between the optimal state and the costate.
In section 2, we present the problem formulations. In section 3, some preparations are given and the main results are proposed. A numerical example is given in section 4 and some conclusion remarks are made in section 5.
Notations: Throughout this paper, R n denotes the n-dimensional Euclidean space, R m×n denotes the norm bounded linear space of all m × n matrices. For L ∈ R n×n , L ′ stands for the transpose of L. As usual, L ≥ 0(L > 0) will mean that the symmetric matrix L ∈ R n×n is positive semi-definite (positive definite), respectively. E(.) denotes the mathematical expectation operator, P(.) means the occurrence probability of an event. We will compactly write the sum
Problem Statement
We consider in this paper the finite horizon optimal control for MJLS with input delay when the state variable x(k) and the jump variable θ(k) are available to the controller. On the stochastic basis (Ω, G, G k , P), consider the following MJLS with input delay
where
discrete-time Markov chain with finite state space Θ {1, 2, · · · , L} and transition probability
The quadratic cost associated to system (1) with admissible control law u = (u(0), · · · , u(N −d)) is given by
where N > d is an integer, x(N + 1) is the terminal state,
reflects the penalty on the terminal state, the matrix functions
, so the problem considered in this paper can be stated as: (2) is minimized subject to (1).
Remark 1 For brevity, we will omit the time steps in the system matrices and the penalty matrices in the following discussions. That is denoting
respectively. This will not affect the final results.
Remark 2 It should be pointed out that the result in [19] can not be applied to the optimal control for MJLS with d-step (d ≥ 2) input delay directly since the dependence of the jumping parameters. A new version of maximum principle needs to be developed and a "d-step backward formula" will be employed which form the basic tools for the design of the optimal controller.
Optimal Control for MJLS with input delay
In this section, a necessary and sufficient condition for the existence of the optimal controller is given, and the explicit expressions for the optimal controller, the optimal costate, and the optimal cost are derived. The key techniques employed in this part are the Markovian jump maximum principle and the "d-step backward formula".
Preparations
Due to the dependence of θ(k) on its past values, the new version of the maximum principle for the optimal control with jumping parameters and input dleay needs to be established.
Lemma 1 (maximum principle) According to system (1) and performance (2) . If problem 1 is solvable, then the optimal
where the costate λ k satisfies
Proof. See Appendix A.
From (1), we get that
where (29). Based on the transformation (6), we get the following expression.
, we have the following relation
Proof. The result can be obtained directly and thus the proof is omitted here.
Remark 3 In Lemma 2, x(k) moved d steps back, so we named (7) as a d-step backward formula. However, it should be pointed out that
. If system (1) becomes the multiplicative noise system investigated in [19] 
and f θ(k) = ω k f with ω k being a multiplicative noise, then the equality
holds [19] . It can be seen that the optimal control for MJLS with input delay is more complicated than that of multiplicative noise system with input delay, and (8) is the key difficulty existed in the derivation. Fortunately, we reveal the relationship (7), which forms the basic formula for the controller design for the delayed MJLS.
Solution to the optimal control
In this part, we will derive the analytic solution to the optimal control for MJLS with input delay by Lemma 1 and Lemma 2.
Firstly, we introduce some notations
To save space, we rewrite the preceding notations as
and P l k−1 and P 0
satisfy the following backward recursions
for k = N, N − 1, · · · , 0, l k−1 ∈ Θ with terminal values
(9)- (14) is termed as the backward coupled difference Riccati equation, which is with the same dimension as that of the original system state. An existence condition and an explicit solution to the optimal controller will be given in terms of the Riccati equation.
In addition, the introduction of δ
is critical to establish the relationship between the optimal original state x(k) and costate λ k−1 , where δ
is established in the following proposition, which will be used in the derivation of the main result. (10)- (12), (17) and (18), the following expressions are satisfied
Proof. See Appendix B.
Theorem 1 Problem 1 admits a unique optimal control if and only if
In this case, the analytical solution to the optimal control is given by
The optimal costate is
and the optimal cost is
Proof. See Appendix C.
Remark 4
The solution to the optimal controller is based on a set of a generalized coupled Riccati equations. It can be found that if there is no time delays in the input, the coupled Riccati equation will degenerate into the following one
which has been developed in [6] .
Numerical Examples
In this part, we present a simple example to illustrate the theoretical result for the optimal control of MJLS with input delay. Consider a second-order dynamic system (1) with the performance (2) . The specifications of the system and the weighting matrices are as follows In this example, the time horizon is set to N = 7. Without loss of generality, we run 50 Monte Carlo simulations from k = 0 to 7, and select the first trajectory to show the efficiency of the proposed algorithm. By applying Theorem 1, the calculation result for Table 1 . (2) is J * N = 93.7285.
Conclusion
This paper dealt with the optimal control for MJLS with multi-step input delay. A necessary and sufficient condition for the existence of a unique solution has been developed and a dynamic Markovian jump controller has been given in terms of a coupled difference Riccati equation. One of the key techniques employed in this paper is the maximum principle, the other is the dstep backward formula. It should be noted that our derivations avoid the augmented argument, mainly establish and take advantage of the link between the optimal state and the auxiliary variable. Compared with the result for the system with multiplicative noise and input delay, the optimal control for MJLS with input delay is more complicated due to the correlation of the jumping parameters. This is the reason why the problem has not been solved before. The stabilization for MJLS with input delay will be studied in a forthcoming paper.
A Proof of Lemma 1
Proof. Denote N as the final time. Consider the increment of the control variable u(k − d) and deduce an expression of the corresponding variation of (2)
In view of system (1), we have
Plugging the equation (28) in (27) we deduce that
Since we just pay attention to the increment of J N caused by the increment of u(i − d), the initial state x 0 is fixed and its increment dx 0 is thus 0. Therefore,
Define
then we have
It has been shown (4) and (5). Based on (32), we deduce that
It concludes from (33) that the necessary condition for the minimum can be given as follows 
B Proof of Proposition 1
Proof. In view of (15)- (17), we have
Recalling the definition of T 0 (19) is shown. Similarly, we can show that (20) , (21), and (22) are satisfied.
C Proof of Theorem 1
Proof. (i) Necessary: Assume that Problem 1 has a unique solution. We will prove that W l k−d is invertible and u(k − d) satisfies (24) for all k = N, · · · , d, l k−d ∈ Θ by the induction method. Define 
It can be concluded that
In what follows, the optimal controller u(N − d) is to be calculated. Applying (1), (3) and (4), we have
It follows from the above equation that
In the following, we will show that λ N −1 is with the form as (25). In view of (1), (5), and (38), one yields
In view of the d-step backward formula (7) and note that P 0
Thus we obtained (25) for k = N .
To proceed the induction proof, we take any n with 1 ≤ n ≤ N , and assume that
is invertible and that the optimal controller u(k − d) and the optimal costateλ k−1 are as (24) and (25) for all k ≥ n + 1. In the next, it needs to show that these conditions will be satisfied for k = n. Let x(n) = 0, we will check the quadratic term of u(n − d) in J(n). In view of (1), (3) and (5) for k ≥ n + 1, we have
Adding from k = n + 1 to k = N on both sides of the above equation, we get E{x(n + 1)
It follows from (39) that
Note that λ n = (P ln − P 
Substituting (41) into (40) and employing (19)- (22), we get
It is concluded from the uniqueness of the optimal controller that J(n) must be positive for any u(n − d) = 0. So we have W l n−d (n − d) > 0, l n−d ∈ Θ.
To derive the optimal controller u(n − d), plugging (41) in ( Using the above equation, we get
Now, we proceed to derive that λ n−1 is of the form as (25). In terms of (5), (41) and (43)and bearing in mind (19) - (22) and (7), we get λ n−1 = E{Q θ(n) x(n) + A ′ θ(n) λ n |G n−1 } = E{Q ln x(n) + A (ii) Sufficiency-The proof of sufficiency is similar to that of Theorem 1 in [19] . This completes the proof Theorem 1.
